We address metrological protocols for the estimation of the intensity and the orientation of a magnetic field, and show that quantum-enhanced precision may be achieved by probing the field with an arbitrary spin at thermal equilibrium. We derive a general expression for the ultimate achievable precision, as given by the quantum Fisher information, and express this quantity in terms of common thermodynamic quantities. We also seek for the optimal observable, and show that it corresponds to the spin projection along a suitable direction, defined by a universal function of the spin temperature. Finally, we prove the robustness of our scheme against deviations of the measured spin projection from optimality.
Quantum sensing and metrology are the arts of using quantum system to design precise estimation protocols. In order for this approach to be efficient, one needs, on the one hand, to exploit the inherent sensitivity of quantum systems to external disturbances, and, on the other, to minimize the detrimental effects of such sensitivity, e.g. decoherence and measurement back action [1] [2] [3] [4] .
Quantum parameter estimation is the paradigmatic problem of quantum metrology. Here, the parameter of interest is not directly measurable, but rather encoded into the state of a physical system, from which it has to be extracted by suitably designed measurement schemes. Within the framework of parameter estimation theory, one can in principle identify the optimal observable, the so-called symmetric logarithmic derivative (SLD), and evaluate the corresponding sensitivity. Such ultimate quantum limit to the achievable precision is given by the quantum Fisher information [5] . Indeed, these tools have been employed to address several metrological problems, ranging from the characterization of complex environments [6, 7] to that of quantum channels [8] [9] [10] and correlations [11, 12] , from the estimation of an optical phase [13] [14] [15] [16] to quantum thermometry [17, 18] . However, the explicit determination of the SLD and the evaluation of the corresponding precision are usually challenging. Besides, it remains an open question whether, for a given estimation problem, the measurement of the SLD can actually be implemented in the lab.
A magnetic field is a typical quantity whose estimate can be obtained through a quantum probe. In fact, a variety of atomic [19] [20] [21] [22] and solid-state spin systems [23] [24] [25] [26] are currently being used in order to implement field sensors of increasing sensitivity and spatial resolution. The most widely pursued approach ultimately relies on the measurement of the quantum phase accumulated by the spin, due to its interaction with the field [4] . These protocols typically require the coherent control and dynamics of the spin state and, in the most ad-FIG. 1: (a) Schematics of the problem: a spin of length S is coupled to a parameter-dependent magnetic field B(λ), and is in equilibrium with a heat bath at a temperature T . The value of λ is inferred from the measurement outcome of a spin observable SO. Panels (b) and (c) show the emperature dependence of the classical (hC ) and quantum (hQ) components of the quantum Fisher information, normalized respectively to S(S + 1) and 2S. The quantum Fisher information is plotted for different values of the spin length (see labels).
vanced cases, the controlled generation of entanglement in order to outperform classical devices. Systems at thermal equilibrium represent a possible alternative, whereby the state preparation, though less general, is greatly simplified, and decoherence no longer represents a limiting factor.
In this paper, we address the estimation of a magnetic field, obtained by performing arbitrary measurements on the equilibrium state of an arbitrary spin. We find a general expression for the quantum Fisher information, which is also given in terms of common thermodynamic quantities, such as magnetization and magnetic susceptibility. Besides, the optimal observable is shown to co-incide with the spin projection along a direction that depends on temperature through a universal expression. Finally, the dependence of the Fisher information on the measured spin projection demonstrates the robustness of the estimation protocol with respect to deviations from optimality.
Defining the problem.-A finite system with equispaced energy levels can be represented in terms of a spin of length S, placed in an external magnetic field. We consider the case where the field depends on the unknown parameter λ (which can in principle coincide with spin position, time, etc.), both in intensity and orientation. The system Hamiltonian thus reads:
where the versorn Z = (sin θ cos ϕ, sin θ sin ϕ, cos θ) and the energy gap ∆ are known functions of λ, whose value is unknown and has to be estimated by performing (repeated) measurements of a spin observable S O [ Fig.  1(a) ]. In order to simplify the equations, and without loss of generality, we define the reference frame such that bothn Z andn X ≡ ∂ θnZ lie in the xz plane (and thus ϕ = 0) for a generic value λ of the unknown parameter. The spin is in equilibrium with a heat bath at a temperature T . Its density operator is thus given by the following expression:
−∆M Z is the partition function, δ ≡ ∆/k B T is the ratio between the Hamiltonian and the thermal energy scales, and |M Z = e −iSyθ |M z are the eigenstates of S Z . The density operator ρ λ depends on the parameter λ through the angle θ, which determines the eigenstates |M Z , and through the normalized energy gap δ, which determines the corresponding probabilities p M Z .
Derivation of the optimal observable. -The observables that allow in principle the most precise estimate of the parameter λ can be derived from the SLD L λ , which is obtained by solving the differential equation [1, 5] . In order to determine the SLD corresponding to the present density operator, we first compute the derivative of ρ λ , which is given by the equation:
where we use the notation |∂ λ M Z ≡ ∂ λ |M Z . The partial derivatives entering the above equation are given by:
where
Upon projection of the density operator derivative on the Hamiltonian eigenstates, one easily obtains the following expression of the SLD:
where S X ≡n X · S. From the above equation it follows that L λ , and thus the optimal observable, simply coincides (up to irrelevant transformations) with a spin projection S opt along a temperature-dependent direction. This is specified by the versorn opt ≡ (sin θ opt , 0, cos θ opt ), lying in the XZ plane, where the quantization axis varies locally as a function of λ. The angle θ opt is defined by the equation
Therefore, if the thermal is much larger than the Hamiltonian energy scale, S opt coincides with the spin projection along the field direction (S Z ). The same applies if the dependence of the normalized energy gap on λ is much stronger than that of the azimuthal angle. In the opposite limits (δ → ∞ or |∂ λ δ| |∂ λ θ|), S opt tends to coincide with the transverse spin component S X . If the system is exactly in the ground state, a spin projection along any direction in the xz plane corresponds in fact to an optimal observable (see below).
Maximum precision in the parameter estimation.-Given the expression of the SLD, one can readily derive the highest achievable precision in the estimation of the parameter λ. This is given, through the quantum Cramer-Rao bound, by the quantum Fisher information [1, 5] . In the present case, H reads:
The expectation values entering the above expression are simple functions of δ. In particular, the magnetization is given by S Z = (1/2)f 1/2 − (S + 1/2)f S+1/2 , and the expectation value of the squared spin projection reads
, where f a ≡ coth(aδ).
Equation (8) shows that one may decompose H(ρ λ ) into the sum of two contributions. The first one (h C ), to which we refer in the following as classical , is determined by the dependence of δ on λ. This contribution is proportional to the fluctuations in the longitudinal spin projection, which result from the incoherent mixture of the Hamiltonian eigenstates |M Z . The second part of the quantum Fisher information (h Q ), hereafter referred to as quantum, depends on the changes of the field directionn Z , and is proportional to the fluctuations of the transverse spin components. These are of genuine quantum origin, and are in fact present also if the system state coincides with an Hamiltonian eigenstate (see below). Remarkably, Eq. (8) allows one to express the quantum Fisher information in terms of thermodynamic quantities that are routinely measured in magnetic systems, such as the magnetization and the magnetic susceptibility, which are proportional to the expectation value of S Z and to its variance, respectively.
In order to better understand the behavior of the quantum Fisher information, we separately plot the classical and quantum contributions as functions of δ, for a few specific values of the spin length [ Fig. 1(b,c) ]. The term h C , which can be related to the sensing of the field intensity, vanishes in the limit of infinite δ, where ρ λ coincides with the ground state |M Z = −S . It increases monotonically for decreasing δ, and achieves its maximum S(S + 1)/3 for δ = 0. Therefore, quite remarkably, one obtains a quadratic scaling of the quantum Fisher information with the system size for a highly mixed state and a seemingly classical term, related to thermal fluctuations of the spin projection S Z . (We note that, for finite values of δ, the scaling of h C with S is no longer quadratic, and becomes sublinear in the low-temperature regime.) The quantum component h Q , which can be related to the sensing of the field direction, vanishes for δ = 0, and tends to 2S for δ → ∞. Besides, it approaches a linear dependence on tanh(δ/2) for large values of the spin length.
In the system state coincides with an Hamiltonian eigenstate, the quantum Fisher information reads:
The highest achievable precision in the parameter estimation thus scales linearly with the system size (S) in the case of a coherent states (M Z = ±S), and quadratically for the state with vanishing spin projection (M Z = 0). Therefore, quite counterintuitively, a state characterized by a vanishing expectation value of all spin projections ( S = 0) presents the strongest dependence on the orientation of the quantization axis. On the other hand, one should consider that the spin-coherent states are semiclassical in nature, while the M Z = 0 state presents highly nonclassical features. Equation (9) thus shows how, also in the present setting, the quantum character of the spin state can be regarded as a resource for parameter estimation [27] . Irrespective of the specific scaling, the precision in the field sensing increases monotonically with the spin length. Relatively large values of S can be achieved at the single-molecule level, in systems whose size is of the order of 1 nm [28] [29] [30] . The total spin length can be increased (on average) by orders of magnitude, if one passes from single molecules to spin ensembles. The density operator of these systems can be written as a mixture of different contributions, each one corresponding to different values of S. In such a case, being the angle θ opt independent on the spin length, the optimal observable S opt is equally well defined, and coincides with the one given in Eq. (7). Besides, the generalized expression of the quantum Fisher information is obtained by simply replacing S(S + 1) with S 2 in Eq. (8) . Parameter estimation through nonoptimal observables.
-We have shown above that the spin projection along a suitable, temperature-dependent direction represents an optimal observable for precisely estimating the parameter λ. One might ask how robust such estimation protocol is with respect to deviations from optimality and, more specifically, what precision can be achieved by measuring a spin projection S O =n O · S along an arbitrary direction. These questions can be answered by computing the Fisher information of S O , whose expression is given by:
. Here, the probabilities corresponding to the possible measurement outcomes are
Ifn O lies in the xz plane, the overlaps between the eigenstates of H and S O are real numbers, and can be expressed as follows in terms of the angle φ ≡ (θ − θ O )/2:
The derivative with respect to λ of each probability p M O includes two contributions, resulting from the dependence of the density operator on δ and θ:
Combining together Eqs. (4-5,10-11), one obtains the Fisher information corresponding to the operator S O . For the sake of the following discussion, we write F in the following form:
where the matrix elements A ηχ represent the prefactors of the different contributions, each one quadratic in the derivatives of the Hamiltonian parameters.
In the case S = 1/2, one can show that the diagonal elements read:
while the off diagonal elements are given by A θδ = A δθ = (A θθ A δδ ) 1/2 . Further results concerning the S = 1/2 spin are reported in Ref. [31] . The analytical expressions of the A ηχ become increasingly complicated for larger values of the spin length. We thus compute the coefficients numerically and plot them as a function of δ and θ O − θ, for two different values of the spin length (S = 1 and S = 5, Fig. 2 ). As can be seen from the plots (and from other cases, not reported), A θθ [panels (a,e)] clearly increases with δ, while it hardly depends on the spin orientationn O , apart from the rapid increase at small values of θ − θ O . This shows that the quantum contribution to the Fisher information is largely insensitive to deviations from an optimal direction, especially for low temperatures and large values of S. The term A δδ [panels (b,f)], instead, increases for decreasing values of both δ and θ − θ O . Besides, the function becomes increasingly peaked around its maximum for increasing spin lengths, which makes this classical contribution more sensitive to deviations from optimality. The behavior of A δθ [panels (c,g)] corresponds to a combination of the previous two, with the maximum that shifts towards the low values of δ and θ − θ O for increasing values of S.
In order to complement the picture on how deviations from optimality affect the precision in the field sensing, we normalize F (ρ λ , S O ) to the quantum Fisher information [for ∂ λ δ = ∂ λ δ, panels (d,h)]. While the optimal condition F = H is achieved along the line tan(θ − θ O ) = 2 tanh(δ/2), a wide region in the parameter space (red) corresponds to small reductions in the sensing precision. This shows that, especially if k B T is small compared to ∆, the parameter estimation is robust with respect to imperfect choices of the spin observable.
We complete the discussion on the angular dependence of the Fisher information by considering the zerotemperature limit (δ → ∞). The expression of F , obtained by relaxing the assumption thatn O lies in the XZ plane, reads:
From this, one can easily verify that
Therefore, beyond what suggested by the zero-temperature limit of L λ , if the system is prepared in the ground state, any spin projection S O oriented along the XZ plane corresponds to an optimal observable. If instead S O has an out-of-plane component, the directions in the XZ plane are no longer equivalent, and only the component along X contributes to the Fisher information.
In conclusion, we have considered the problem of sensing a magnetic field by measuring an arbitrary spin S at equilibrium. The highest achievable precision, as quantified by the quantum Fisher information, can be expressed in terms of the spin magnetization and of the magnetic susceptibility, and results from a classical and a quantum contribution. These contributions can be related to the sensing of the field intensity and direction, respectively, they scale linearly and quadratically with the spin length, and are predominant in the high-and low-temperature limits. The optimal observable is represented by the spin projection along a direction whose dependence on the temperature is universal, i.e. is the same for all spin lengths. Such universal character of the optimality condition has potential implications for many-spin systems where S is not a well defined quantum number. Finally, the highest precision that is achievable in the field sensing by measuring a generic spin projection is close to that allowed by the optimal observable even for significant deviations from the optimal angle, thus proving the robustness of the scheme with respect to imperfections.
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